ON UNCONDITIONAL WELL-POSEDNESS OF MODIFIED KDV 

SOONSIK KWON AND TADAHIRO OH 

Abstract. Bourgain [2] proved that the periodic modified KdV equation (mKdV) is 
locally well-posed in _H" S (T), s > 1/2, by introducing new weighted Sobolev spaces X s ' b , 
where the uniqueness holds conditionally, namely in C([0,T];H 3 ) n X s '? ([0, T] x T). In 
this paper, we establish unconditional well-posedness of mKdV in H S (T), s > ~, i.e. in 
addition we establish unconditional uniqueness in C([0, T]; H s ), s > 1/2, of solutions to 
mKdV. We prove this result via differentiation by parts. For the endpoint case s = §, we 
perform careful quinti- and septi-linear estimates after the second differentiation by parts. 
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We consider the Cauchy problem for the modified Korteweg-de Vries (mKdV) equation 



on the one-dimensional torus T = M/2-7r2 



dfU = d^u ± u 2 d x u, 
u\ t=Q = u , 



(i,t)6TxR (1.1) 



where u is a real-valued function. The mKdV has received a great deal of attention both 
from applied and theoretical fields and is known to be completely integrable in the sense 
that it enjoys the Lax pair structure and so infinitely many conservation laws. In particular, 
if u is a "nice" solution of (|l.ip . then the L 2 -norm is conserved, i.e. ||w(£)||l 2 = II m o||l2. 
Then, by the change of variables x — > x =F fi>t with [i = ^— 1 1 ito 1 1 ? 2 , we can rewrite (|1.1|) as 

(d t u = dlu ±(u 2 -± J jU 2 ^jd x u, 
\u\ t=0 = u . 

In this paper, we study the unconditional local well-posedness of (|l,2p . 
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Let us briefly go over recent results on the well-posedness theory of the periodic mKdV. 
In [2], Bourgain introduced a new weighted space-time Sobolev space X s,b (also known as 
dispersive- Sobolev space), whose norm is given by 

IMIx^(TxR) = \\( k ) S ( T + k3 ) b u( k i T )\\im(ZxR)i ( L3 ) 

where ( • } = 1 + | • | • By the fixed point argument in an appropriate X S)b space, he 
proved that (I1.2D is locally well-posed in H S (T), s > -*. Then, Colliander-Keel-Staffilani- 
Takaoka-Tao [6] proved global well-posedness in H s , s > ^, via the /-method. We point 
out that the solution map St : Uq £ H s \- y u(t) G H s constructed in [2, 5] is smooth. 
Indeed, it was shown in [3J that the solution map to (jl.21) can not be smooth in H s for 
s < |. See O [12] for related results. Nonetheless, Takaoka-Tsutsumi [12] successfully 
modified the X s,b space to reduce the nonlinear effect from the resonant term (see 1Z in 
(|1.7p below) and proved local well-posedness in H s , s > 1. Nakanishi- Takaoka-Tsutsumi 

|llj further improved the result and proved local well-posedness in H s U TL?' 00 , s > i, 
where ||/|| i = sup k {k)2\f(k)\ < oo. (Existence alone holds in H s for s > \.) Note 
that the solution map constructed in |12[ [TT] is not uniformly continuous. There is also a 
result using the complete integrability of the equation. Kappeler-Topalov [9] proved that 
defocusing mKdV, (jl.ip with the — sign, is globally well-posed in L 2 (T) via the inverse 
spectral method. 

Now, let us examine the uniqueness of solutions in the above results. In [2] [12], the 
uniqueness (with prescribed L 2 -norm) holds in (a ball in) C([0,T];H s ) fll, where X is an 
auxiliary function space, i.e. only within the (modified) X s ' space. Thus, the uniqueness 
holds conditionally, since uniqueness may not hold without the restriction of the auxiliary 
space X. In [9], the uniqueness holds in the class of solutions obtained by a limiting 
procedure of smooth solutions. 

Recall the following definition from Kato [10]. We say that a Cauchy problem is un- 
conditionally well-posed in H s if for every initial condition no G H s , there exist T > 
and a unique solution u G C([0,T];H s ) such that u(0) = no- Also, see [7]. We refer to 
such uniqueness in C([0,T];H s ) without intersecting with any auxiliary function space as 
unconditional uniqueness. Unconditional uniqueness is a concept of uniqueness which does 
not depend on how solutions are constructed. See, for example, Zhou p3] for unconditional 
uniqueness of KdV in L 2 (M)Q| or Tao [13] for focusing mass-critical NLS with spherical 
symmetry in L 2 (M. d ), d > 5. 

The main result of the paper is the following: 

Theorem 1.1. Let s > i. Then, mKdV is unconditionally locally well-posed in H S (T). 

Our result provides another proof of the local well-posedness. We think that this proof is 
more natural and elementary since we do not use any auxiliary function spaces but only 
rely on simple differentiation by parts and Cauchy- Schwarz inequality. As a result, we 
can establish unconditional uniqueness of solution to mKdV in H S (T), s > -^, which is an 
improvement of Bourgain's result [2] in the aspect of uniqueness. 

Remark 1.2. In the proof of Theorem ll.il we show existence and uniqueness of solutions 
to the renormalized mKdV lll.2|) in H S (T), s > i. From this, one can deduce existence and 
uniqueness of solutions to the original mKdV (|1.1|) in H S (T), s > |. Indeed, for a given 
«0 G H S (T) with s > 2i a function u{x,t) G L°°([0, T]; H s ) is a solution to the original 



This is uniqueness of weak solutions in the space of LfL\{ 
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mKdV (jl.ip with the initial condition uq if and only if v is a solution to the renormalized 
mKdV (|l-2j) with the same initial condition no, where v is defined by 

1 * 



v(x,t):=u{x^— I \\u{t')\\ 2 L2 dt',t). (1.4) 

(Here, we used the fact that ||f(i)||i2 = ||u(t)||£a for v defined in (|1.4|) .) 

Now, suppose that u\ and U2 are two solutions to the original mKdV (jl.ip in C([0, T]; iiP) 
with the same initial condition no E H S (T) with s > g- Then, t i— > ||uj(t)||? 2 is locally 
integrable and i?i and u 2 defined via (II. 4h are solutions to the renormalized mKdV fjl .21) in 
C([0,T];i7 s ) with the same initial condition uq. Hence, by Theorem I l.lj we have V\ = V2 
in C([0, T]; H s ). In particular, ||^'(i)||^2, j = 1,2, is constant in timeo In view of (|1.4p . we 
see that ||nj(t)||? 2 , J = 1,2, is also constant in time, and the transformation (jl.4p can be 
written as 

Vj(x,t) = Uj(x^^\\u \\ 2 L 2,t), for j = 1,2. (1.5) 

Therefore, from (the inverse of) (|1.5p and v\ = vi in C([0,T]; H s ), we obtain ui = v>2 in 
C([0,T]; i? 3 ). This shows unconditional uniqueness of the original mKdV (jl.ip . 

Lastly, we discuss the regularity of the solution map: uq h-> u(t) of the original mKdV 
(11. ip (for sufficiently small £ depending on the size of initial data.) From the proof of 
Theorem 11.11 it follows that the solution map of the renormalized mKdV (|1.2|) is locally 
Lipschitz continuous. Consequently, this yields local Lipschitz continuity of the solution 
map of the original mKdV (jl.ip in the class 

{u £H s (T):\\u \\ L 2 m =c} (1.6) 

with a fixed c. (Two initial data of distinct L 2 -norms give rise to two different renormalized 
mKdV (jl.2p . and thus their solutions are not comparable. In general, one can show that the 
uniform continuity of the solution map of the original mKdV (jl.ip fails without prescribing 
the L 2 -norm.) 

Remark 1.3. Many of the unconditional uniqueness results use some auxiliary function 
spaces (e.g. X s,b spaces in [TJ], Strichartz spaces in [13]), which are designed to be large 
enough to contain C([0,T]; H s ) such that desired nonlinear estimates hold. However, we 
simply use the C([0,T]; .£P)-norm in the proof of Theorem II .11 

We also point out that Theorem 11.11 does not imply unconditional well-posedness for 
KdV in H S (T), s > — ^ even under the Miura map. Indeed, the issue of unconditional 
uniqueness of the periodic KdV is settled in view of the non-uniqueness result by Christ 
[3] for KdV in CtH s (T), s < 0, and an (implicitly implied) positive result in L 2 (T) by 
Babin-Ilyin-Titi [TJ. 

Theorem 11.11 with global well-posedness of mKdV in H s , s > g, by [6j yields the following 
corollary. 

Corollary 1.4. Let s > |. Then, mKdV is unconditionally globally well-posed in H S (T). 

We prove Theorem 11.11 by establishing a priori estimates, where we use only the CfH%.- 
norm of solutions. In the following, we briefly describe the idea of differentiation by parts 
introduced in Babin-Ilyin-Titi [1]. 

Let S(t) = e x denote the semigroup to the Airy equation (= linear part of mKdV 
(jl.ip .) We apply a change of coordinates: v(t) = S(—t)u(t). In terms of the spatial 



2 For (unique) solutions to (L2) in C([0, T]; H s ), s > ±, 
that the L 2 -norm is conserved in time. 
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Fourier coefficients, this can be written as Vk(t) = e lk t Uk{t), where Vk(t) denotes the k- 
th (spatial) Fourier coefficient of v(-,t). i.e. Ufc(i) = v(k,t). Working in terms of v has 
certain advantages. Ginibre [8j says "In the language of Quantum Mechanics, this consists 
in working in the so-called interaction representation." In [2], Bourgain made an effective 
use of this coordinate by introducing the X s,b spaces. From the definition (jl.3p . we have 
IMIxs' 6 = II u IIh 6 h s ' 1 - e - a function u is in X s,b if and only if its interaction representation 
v(t) = S(—t)u(t) is in the classical Sobolev space H b H^. A similar idea has been applied 
to study equations in hydrodynamics. See [U Section 2] for a nice discussion. 
With v(t) = S(-t)u(t), it follows from (TO]) (see [2]) that v satisfied 



dtVk = Yl ik 3 e lt ^ k) v kl Vk 2 Vk 3 



ki+k 2 +k 3 =k 
ki+k 2 ^0 

= 1 J2 ke im ^v kl v k2 Vk 3 -ik\vk\ 2 v k =:M + n. (1.7) 

k 1 +k 2 _+k 3 =k 
$(fc)^0 

where $(fe) = <&(&, fci, &2, £3) := k 3 — kf — k 3 , — fef. With k = k\ + k 2 + k^, we have 

$(fc) = 3(kx + k 2 )(k 2 + A; 3 )(fc 3 + h). (1.8) 

In this framework, the usual Duhamel formulation of (|1-2|) corresponds to 

«(*) =v + [ N(v)(t') + K(v)(t')dt', (1.9) 

Jo 

where A/"(£') stands for M(v)(t') = J\f(y(t'),v(if),v(t')), and so on. Due to the presence of 
d x in the nonlinearity, a direct estimate in .£P on the nonlinear part in (jl.9p does not work. 
Assume that v is smooth in the following, since our goal is to obtain a priori estimates 
on solutions. As in [lj, we can differentiate M by parts, Then, we have 



M k = d t 



^ ^.git*(fc) 

fcl+fc 2 _+A:3=fc v ' 



~o /> _ .-. (d t v kl Vk 2 Vk 3 + v kl d t v k2 Vk 3 + v kl Vk 2 d t Vk 3 ) (1.10) 

fcl+fe 2 _+fc 3 =fc v y 

= : &(M)* + (M)fc. 

Note that this corresponds to integration by parts on J M(t)dt. With ()1.10p . we see that 
smooth solutions to (jl.lOp satisfy 

«(<) = «o+M(<)-M(o)+ f M 2 {t') + Ti{t')dt'. (l.n) 

io 

In (jl.lOp . both terms have Q(k){^ 0) in the denominators, and this provides smoothing. 

Now, suppose that we have Ct-ffJ estimates on A/i, A/2, and 7£ in (jl.lip . For A/2 and 7£, 
we obtain smallness thanks to the time integration (for small t.) However, there is no small 
constant for A/i. Thus, we can not close the argument to obtain a contraction. 



In the following, we only deal with the focusing case, i.e. with the + sign in (|l.ip . since our analysis is 
local-in-time and thus the focusing/defocusing nature of the equation is irrelevant. 
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In order to fix this problem, we use the idea from Section 6 in pp. The idea is to separate 
the low frequency part of the non-resonant part M before differentiating by parts. Let 
v (n) _ p nV ^ where P n is the Dirichlet projection onto the frequencies { \k\ < n}. Then, 
write M = 7\A n ) + M^~ n \ where AA n ) is given by 

A/"W = i £ ke^^^n) (L12) 

ki+k2_+ks=k 

and J\f^~ n ^ = J\f — J\f( n \ Differentiating AA - ™** by parts, we obtain 

A/-(-«) = d t {M[- n) ) +Aft n \ (1-13) 

where A/{ and A/" 2 are as in (jl.lOp with an extra condition 

k* := max(|/ci[, \k 2 \, \fo\) > n. (1.14) 

Hence, smooth solutions to (jl.lOp satisfy 

v (t) = VQ+ ^- n \t)-^ n) {0) + f K{t')+N {n) {t')+N!f n \t')dt'. (1.15) 

Jo 

It turns out that (|1.14|) provides a small constant n~ a for some a > in estimating A/f 
(see Lemma 12.41 below), and we can close the argument for s > 2 . 

Unfortunately, this turns out not to be sufficient when s = \. In particular, the estimate 

on A/" 2 fails when s = 2 - (See Lemma 12.31 below.) Thus, we need to proceed one step 
further. We hoped to take a differentiation by parts once more. A direct differentiation by 
parts, however, does not work because the corresponding resonance function <&(k) + $(j) 
does not have a good factorization. (See (|2.1ip below.) In this case, we restrict A/" 2 into a 
part and then perform differentiation by parts once more, but in a slightly more complicated 
manner. See (I4.10J) and (|4.17p . Namely, in (jl.lOp and [I], we perform differentiation by 
parts to simply move the time derivative from a complex exponential to a product of v k • • 
However, in (|4.17p . we need to perform integration by partgj to move the time derivative 
A/i(= product of e'**^ and vj x vj 2 vj 3 ) to e lt ^^ k ' and Vk 2 Vk 3 , which leads to further quinti- 
and septi-linear estimates. See Section U] for details. 

Lastly, we point out that the restriction s > 2 on the regularity is due to the resonant 
term 7Z (see J2J p. 228] and Lemma UTTl ) As pointed out in [12], if we define v by 

Vk (t) = e ikH+ik ti l^( 4 ')l 2 *' Ufe (t), (1.16) 

then this would formally eliminate the resonant term. However, it is difficult to make sense 
of this transformation for nonsmooth functions. Instead, following |12|,lll|. one may try to 
use 

Vk (t) = e ikH+ik \ Uk ^ H u k {t) (1.17) 

as the first order approximation to (I1.16P in order to weaken the nonlinear effect of the reso- 
nant term 1Z. For further improvement, one may consider the second order approximation: 
Vk {t) = e ik z t +l k{\u k {Q)\H+\d t \u k (0)\^) Uk ^ Qr higher Qrder approximations. 

This paper is organized as follows. In Section 2, we prove a priori estimates needed for 
s > 2 . Then, we present the proof of Theorem 11.11 for s > 2 in Section 3. In Section 4, we 
present the argument for the endpoint case s = 2 . 



Indeed, we keep (I4.17|) in the form of integration by parts to emphasize this point. 
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Acknowledgments: The authors would like to thank the anonymous referee for helpful 
suggestions. 

2. Nonlinear estimates for s > \ 

In this section, we present nonlinear estimates controlling the terms in fjl.l5j) . Without 
loss of generality, we assume that Vk is nonnegative in the following. 



Lemma 2.1. Let 1Z be as in ()1.7j) . Then, for any s S R, we have 
Also, for s > 2> we have 



\\K(v)\\h><\\v\\ 2 h i\\v\\ h .. (2.1) 



\\K(v) - K(w)\\h* < (\\v\\h* + \\w\\h') 2 \\v - w\\h: (2.2) 



Proof. We only prove (|2.ip since (|2.2p follows in a similar manner. Clearly, we have 

which is bounded by RHS of (|23]l . □ 

In the following, fix n € N. 
Lemma 2.2. Let J\f^ n > be as in (|1.12p . Then, for s > ^, we have 

W {n) (v)\\ H s<nlnn\\v\\ 3 HS (2.3) 

||A/" (n) (iO -^ (n) H||fl- s < ralnn (||v||ff. + \\w\\ H s) 2 \\v - w\\ H ». (2.4) 

Proof. We only prove f)2.3[) since (|2.4p follows in a similar manner. Without loss of gener- 
ality, assume \k\\ > |A;|. Then, by \k\ < n and Young's inequality, we have 

i 

2\ 2 






< n\\v^ \\ H . ||t£> H^ ||«W h^ < „ lnn || V (») ||„ 3 || v (n) ||^ 

where we used Cauchy-Schwarz inequality and \kj\ < n in the last step. D 

Recall the following [2J (8.21), (8.22)]: Suppose $(jfe) / when k = k\ + k 2 + k 3 . Then, 
we have the following two possibilities: 

(a) With k* = max(|&i|, \k 2 \, \k 3 \), 

|$(fc)| > max(|/ci + k 2 \\k 2 + k 3 \, \k 2 + k 3 \\k 3 + h\,\k 3 + fa\\ki + k 2 \) 

> (k*) 2 , (2.5) 

In this case, we have |3>(fc)| > (k*) 2 X, where 

A = Afc := min(|/ci + k 2 \, \k 2 + fc 3 [, | A; 3 + fei[). (2.6) 
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(b) | A;i| ~ |fe 2 | ~ 1^3 1 ~ k* and 

|$(fe)| > max(|fei + fe 2 |, |fe 2 + fe 3 |, |fe 3 + fell) > k*. (2.7) 

In this case, we have |3?(fe)| > fe*A, where 

A = A fc := min(|fei + fe 2 ||fe 2 + k 3 \, |fe 2 + fe 3 ||fe 3 + fa\, |fe 3 + fei||fei + fe 2 |)- (2.8) 

Lemma 2.3. Let A/" 2 &e as in (|1.13p . Then, for s > ^, we have 

\\Mt n \v)\\Hs < \\v\\* H . (2.9) 

\Wt n) (v) -M^ n \ w )\\ Hs < (\\ v \\ H s + \\w\\ H s) 4 \\v-w\\ H ,. (2-10) 

The same estimates hold for A/" 2 in ([l.iop . 

Proof We only prove (|2.9p since (|2.10p follows in a similar manner. From fjl -T[) and (jl.lOp . 
we can separate Af^ n into two parts: 

r .H-nh v- fefeie^g , 2 

*(fe)^0 
fc*>n 

+ 3 E -^^ v h v h v j3 v k2 v k3 = : (< n) ) fc + (AT 2 ( 2 n) ) fe , (2.11) 

fei+fc 2 +fc 3 =fc *■ ' 

Jl+J2+J3=fcl 

*(fc),$(5)^0 

fc*>n 

where $(j) := $(fei, jx,h,h)- 

• Part 1: First, we estimate A/" 21 • By duality, it suffices to prove 



y] y Mi|n fcl | 2 n fcl Ufc 2 ^fc 3 2fe < ||n||| 2 (2.12) 



fc fcl+fc2+fc3=A; 
fc*>n 

where H^Hx^ = 1 and M\ is given by 

|fe| 1+s |fel| 



Mi = Mi(fei,fe 2 ,fe 3 ) := 



|$(fe)||fei| 3s |fc 2 | s |fe 3 | s ' 
By Cauchy-Schwarz inequality, we have 

lhs of dHZD < ( y, k[ 6 ki 2 ki 2 ) 3 (e E M * z l) 



ki,k 2 ,k 3 ' x fc ki+k 2 +tc3=k 

5 



<M||«&, 

where .Mi = {E k E kl+ k 2 +k 3 =k M i 4) h ■ 

o Case l.a: <$(fe) satisfies (|2.5|) . In this case, we have 



Af? ~ - NO „ - ,„ -ST- ,„ - , n .„ < 



1 ( jfe .J2-2«| fcl |6«-2| fc2 |2«| fc3 |2. A 2 - (fc^A 2 

where fe* = min(|fei|, |fe 2 |, |fe 3 |). Thus, for s > g, we have .Mi < 1 by summing over fej (^ fc*) 
in A -2 , fe* for (fe„,)~ 8s , and then k for z\. Hence, (|2.12p holds for s > |. 
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o Case l.b: <&(&) satisfies (|2.7p . In this case, we have 



1 1 



M? ~ ,, ,„ „.„ < 



1 ( fc *)8s-2 A 2 - (^)8s-2 A 2- 

Thus, for s > -g, we have All < 1 by summing over two frequencies in A -2 , and then k for 
z\. Hence, ([2~T2]) holds for s > \. 

Therefore, the estimates (j2.9|) and (|2.10|) for AQi hold as long as s > \. 

• Part 2: Next, we estimate M 22 . By duality, it suffices to prove 

^2 Y^ M 2 u h u j2 u j3 u k2 u k3 z k < \\u\\ 5 L 2 (2.13) 

k ki+k2+ks=k 
ji+J2+J3=ki 
$(fc)^0 
k*>n 

where \\z\\l2 = 1 and M 2 is given by 

|fc| 1+s N 



M 2 = M 2 {j 1 ,j 2 ,j 3 ,k 2 ,k 3 ):-- 



Mk)\\h\ s \h\ s \J3\ s \k 2 \ s \k 3 \ s 
By Cauchy-Schwarz inequality, we have 

LHS of <|2T3D < ( J2 l«ii| 2 |«i a | 2 Kal 2 K| 2 K| 2 ) a (E £ M 2**V 

jl,h,J3MM k k 1 +k 2 +k 3 =k 

jl+J2+J3=kl 

<M 2 \\u\\ 5 L 2, 
where Ai 2 = ( Ylk Ylk 1 +k 2 +k 3 =k Affz 2 ,)^- Without loss of generality, assume 

jl+J2+J3=kl 

|ii| = max(|ji|, \j 2 \, \j 3 \) > \ki\. (2.14) 

Also, we assume 

\ki\ = max(|A;i|, \k 2 \, \k 3 \) ( 2 -15) 

in the following, since this corresponds to the worst case. 
o Case 2. a: &(k) satisfies (|2.5p . In this case, we have 

M 2 £ I- |2,|- I28\l I2.lt. I2.X2 ' ( 2 - 16 ) 

\j2\ s \j3\ \k 2 \ \k 3 r s y 
where A is as in (|2.6p . (Note that A is of no help if A = \k 2 + k 3 \ and \k\\ 3> |j/a | , IJ3I S> 
l^l) I&3IO Thus, for s > 2-, we have A4 2 < 1 by summing over j 2 ,j 3 , k 2 , k 3 , and then k for 
z£. Hence, (|2~13jl holds for s > \. 

o Case 2.b: <£(&) satisfies (|2.7|) . In this case, we have /c* ~ |/ci| ~ \k 2 \ ~ | A^3 1 > |fc|. Then, 
for s > 2 , we have 

2 ~ (A:*) 2 1J1| 2S |J2H.?3| 2S A2 ~ | J2 |2,| J3 |2, A 2' V • ) 

where A is as in (|2.8p . Thus, we have M. 2 < 1 by summing over k 2 , k 3 for A~ 2 , j 2 ,j 3 , and 
then k for z\. Hence, fl2. 13f) holds for s > ^. D 
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Lemma 2.4. Let jVj be as in (J1.13D . Then, for s > 0, there exists a > suc/i t/iai 

\\M~ n \v)\\ H .<n- >\\v\\ 3 H . (2.18) 

||^f~ n) («) -^ _n) H||H. < ^(IMI^ + \\w\\ H s) 2 \\v - w\\ H s. (2.19) 

Proof. We only prove (12.18P since (12.191) follows in a similar manner. Recall that 

. r (-n) i sr^ fte 

1 3 *-" i<$>(k) x 2 3 

k 1 +k 2 _+k 3 =k v 7 

fc*>n 

By duality, it suffices to prove 

5Z J2 M 3 u k 1 Uk 2 Uk 3 z k <n- a \\u\\ 3 L 2 (2.20) 

k ki+k 2 _+k 3 =k 
$(fc)^0 
fc*>n 

where ||z||i,2 = 1 and M 3 is given by 

\k\ 1+s 



M 3 = M 3 {k 1 ,k 2 ,k 3 ) :-- 



|$(fc)||fci| s |fe 2 hfe 3 | s ' 
As before, by Cauchy-Schwarz inequality, we have 

LHSof (J22QD < AisNlia, 

where M 3 = {J2kJ2k 1 +k 2 +k 3 =k M l <z kY '■ Without loss of generality, assume k* = \k\\. 
o Case 1: $>(k) satisfies (|2.5|1 . In this case, we have 

1 ^„-i 1 



Ml < - -rr- ,„ - ,„ .„ < n 



3 ~ (k*) 2 \k 2 \ 2s \k 3 \ 2s X 2 - |fc 2 | 1+2s A 2 ' 

where A is as in (|2.6p . Thus, for s > 0, we have .M3 < n _1 by summing over fej(^ k 2 ) 
appearing in A -2 , k 2 , and then k for 2?. Hence, (|2.2U|) holds for s > 0. 

o Case 2: 3>(/c) satisfies (|2.7|) . For A as in (|2.8|) . we have max(|&2|, | A?3 1 , A) > |fci| > n, since 
we have \k 2 \ ~ |A?x| or \k 3 \ ~ |/ci| if A <C |fei|. Then, we have 



^3 2 < „, l2sl ? l2sA2 <max(n- 2 -,n-^) ' 



|fc 2 | 2s |fc 3 | 2s A 2 ~ v ' 'A 1 "*' 

Thus, for s > 0, we have .M3 < n~ a by summing over two frequencies for A~ 1_e , and then 
k for z\. Hence, (12301) holds for s > 0. □ 

3. Unconditional local well-posedness for s > \ 

In this section, we put together all the lemmata in the previous section and prove uncon- 
ditional local well-posedness of mKdV (with prescribed L 2 -norm) in H S (T), s > 5- Some 
parts of the argument below are standard. However, we include them for completeness. 

For n G N, define F n (v,v ) by F n (v,v ) = FA (v,v Q ) + FA '(v,v ), where FA and Fi 
are given by 

F^=Mt n \v)(t)-Aft n \v ) 
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Then, if v is a solution to (|1.7p . then we have 

v(t) = v + F n {v,v )(t). (3.1) 

Given an initial condition vq € H s , s > ^ , take a sequence JDq } m6F j of smooth functions 
such that Vq — > vq in H s . Let R = \\vq\\h s + 1- Then, without loss of generality, we can 

II f m l II ^ r> 

assume \\v '\\h s < R- 

Let v'-" 1 ' denote the smooth global-in-time solution of mKdV with smooth initial condition 
Vq i Then, by Lemmata [2TTH231 we have 

\\v [m] \\c([0,T];Hn <R + C{n- a (\\vW\\ cmnHB) + \\V™\\H>) 2 

+ nlnnT(||t;H||2, ([0inH , ) + \\v^% ([0>T] . HS) )}\\v^ ||c([o,T] ; ^) (3.2) 
First, choose n sufficiently large such that 

Cn- a (3R) 2 < \. (3.3) 

Next, choose T sufficiently small such that 

CnlnnT((2R) 2 + (2R) 4 ) < \. (3.4) 

Then, from (|3.2p with the continuity argument , we have 

\\v [m] \\ C ({0,T];Hs)<2R, ™eN. 
Moreover, we have 

||i^ [mi U mi1 )- Fn{vW,vW)\\ C(im ,H.) 

< Cr \\v^ - t,M || C ([o,T];^) + (1 + C fl )||4 mi] - 4 m2] || H , (3.5) 

where (7# < ^ (by possibly taking larger n and smaller T.) Since v^' is a (smooth) 
solution with initial condition v , it follows from (|3.5[) that 

II [mil fmol II ^ Wll [ m l] [ m 2] || /o ,->\ 

F L '-^ l J ||c([0,T];#s) < C IK ~«0 l^ s ( 3 - 6 ) 

for some C" > 0. Hence, {«H} converges in C([0,T]; i7 s ). 

Let i>°° denote the limit. Then, we need to show that v°° satisfies fjl -T[) or 

v (t) = v + f M(v)(t') + K{v){t')dt' (3.7) 

Jo 

as a space-time distribution. First, observe the following lemma. We present the proof at 
the end of this section. 

Lemma 3.1. Let M and 1Z be as in (|l,7p . Then, we have, for any £ > 0, 

\\Af + K\\ i B < \\v\\ 3 i. (3.8) 

In particular, if v satisfies (|1.7j) . £/ien u;e /ioue ||9tv|| _i_ E ^ |M| 3 i. 



For smooth initial data, there exists a global smooth solution thanks to either the theory of complete 
integrability or the energy method. Instead of using smooth solutions, we could directly construct a solution 
by Galerkin approximation and compactness argument. Here, we use smooth solutions for conciseness of 
the presentation. 
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Given a test function </>, consider 

[ \ v °°(t)-v - f N{v°»){t')dt' 
u Jf I Jo 

v [m] (t) -v [ Q m] - /" AA^H)^')^'] U(a;,t)dxdt 
(v°°(t) - v [m] {t))^dxdt - [ f(v Q - v [ ™ ] )$dxdt 

JT JO Jf 

+ [ [ [ \tf(v™)(t')-tf(vW)(t f )]dt'(l>(x,t)dxdt 

Jo Jt Jo L - 

=:/i-/ 2 + / 3 (3.9) 

where N = N + 1Z. By convergence of v^ — )• v°° in C([0, T]; .£P) and t> — ► vo in H s , we 
have Ji, J2 — > as m — >■ 00. By Lemma l3-H we have 

I^I^MF Wc(lO,T};Hs) + W V \\C([0,T];H°))\\ V ~ V J Hc([0,T];tfs) 11011 1+, ->" 

asm^ 00. Therefore, i>°° is a solution to (13, 7p . It follows from (13.31) and (J3.4D that the 
time of existence T satisfies T > \\vq\\ H s for some j3 > 0. Also, the Lipschitz dependence 
on initial data follows from (13.61) , 

Let T be given. Suppose that both v and u are solutions in C([0, T]; H s ) to (|1.7j) with the 
same initial condition vq € H S (T), s > -|. First, assume that |Mlc([o,T]:ff s )> ll^llc([o,T];H s ) < 
2R where R = \\vo\\h s + 1- Choose n and r satisfying (J3.3P and (|3.4p (in place of T.) Then, 
from (|3.5p . we have 

I|v-u||c([0,t];H») = \\ F n(v,V ) - F n (v,V )\\c([0,r];H«) < l\\v ~ v\\c([0,t];H')- 

Hence, v = v in C([0,t];H s ). By iterating the argument, we obtain v = v in C([0, T];.£P). 

Now, suppose that R := 2 max (lkl|c([o,T];H s ); ll^llc([o,t];.H" s )) > ^- Then, use i? (in place of 
i?) to determine n and r (in place of T) in (|3.3p and (|3.4p . The rest follows as before. This 
proves the unconditional uniqueness (with prescribed L 2 -norm.) 
We conclude this section by presenting the proof of Lemma 13.11 

Proof of Lemma \3.1[ The contribution from 1Z is bounded by Lemma |2.H Without loss of 
generality, assume \ki\ = max(|fei|, \k 2 \, I&3I) ^ \k\. Then, by Young's inequality, we have 

IMItf-i- £ ( D ( Yl \ki^v kl \k 2 \-^v k2 \k 2 \-^v k .^ Y 

^ k fci+fc 2 +fc 3 =fc ' 

< |M| 1 |||A;|~2 £ t! fc || a < ||d| 3 x . 
where we used Cauchy-Schwarz inequality in the last step. □ 



4. Endpoint case: s = \ 



r(-n) 



The previous argument fails at the endpoint regularity s = \ precisely because AQ 
does not satisfy the required estimate when s = \. See Lemma 12.31 However, when 
s = |, Lemma 12.31 still holds for J\f 21 defined in (|2.1ip . Moreover, if any of the following 
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conditions holds, then Lemma 12.31 holds for A/" 22 defined in (12, lip , even when s = i: 

(a) max(|fc 2 |, \k 3 \) > . min(|fc| ioo . |fci | Wo), if <£(fc) satisfies (|2.5p . 

(b) max(|fc 2 |,|A;3|) > min(|j 2 |TM, |j 3 |w), if <£(&) satisfies (JSToJ, 

(c) |ji| > min(|A;[ 1+ Too,|A;i| 1+ Too), 

(d) Aj <max(|/e 2 |Too,|fc 3 |ioo), 

if $(&) satisfies ([23]) and $(j) satisfies ([277)1 . 

(e) A fe ^maxdjajisojjglw), if $(Ai) satisfies ([277D, 

where Aj is as in (|2.8p with {jj} in place of {/cj}. 

By symmetry, assume \k%\ > \ks\ and |j 2 | > |j3|. First, suppose that (a) holds. Then, in 
(I2.16J) . we have 

M 2 ~ |i 1 |2s|j 2 |2 5 |j 3 |2,|A; 2 |2 S -200 £ | A . 3 |2s A 2 ~ ^ |2 S+e |j 3 |2s+ e | fe2 |2j,-201e Jfcg |2s+e A 2 ' ( 4J ) 

Thus, for s = 2 ) we have .M 2 < 1 by summing over fcj (7^ £3) for A -2 , £3, J2,js, and 
then /s for z|. Hence, (J2.13P holds for s = |. Secondly, suppose that (b) holds. By 
N 200£ > Ij2| e |j3| e , we have M 2 2 < RHS of flU]) as before. Next, suppose that (c) holds. 
Then, we have a small additional power of \ji\ in the denominators of (I2.16P and (|2.17p 
Hence, (127P31) holds for a = \. 

Now, suppose (d) holds. This implies that either 

(d.l) 1.7*2 +.7*3 1 < max(|fe 2 1™, l^l^), or 

(d.2) \h+h\\h+h\ < max(|fc 2 |Too, |fc 3 |ioo) 
By symmetry, assume |/c 2 | > \k 3 \. If (d.l) holds, then for fixed j'3, there are at most 
(3(|A; 2 j mo) possible choices for j 2 . Then, by going back to Case 2. a in Lemma 12.3} we have 

M 2 < ,,,„„.,*„, , < ' 



|«_ |2sU" |2s|l, n |2s|jkJ2s\2' ~ ,. m,i, iJLi, |4 S _X, 9 ' 
|J2| |J3| |«2| l K 3[ A j 3 4s |k 2 | 10 ° |^3| 10 °A 

Thus, for s > |jjQ, we have .M 2 < 1 by summing over fcj (^ £3) for A -2 , &3, then, j 2 and j'3, 
and finally k for z 2 .. Hence, (|2.13p holds for s = 2 . 

If (d.2) holds, then then for fixed ji, there are at most 0(|/c 2 | 100) possible choices for j%. 
Since $(j) satisfies ()2.7j) . we have |ji| ~ |j 2 |. Then, by going back to Case 2. a in Lemma 
12.31 we have 

M 2 < , — - i - , - - , < ' 



'2 



|,,\ |2s|,„ |2s|£._|2s|l.„|2s\2' ~ i. m.i, i±i, ,4 s _J_ a9 " 
|Jl| |J3| | K 2| |«3| A bl| |K2| 100 |»3| 10 °A2 



Once again, for s > ^, we have M.2 < 1 by summing over ki (7^ ^3) for A~ 2 , k 3 , then, j'3 
and ji, and finally k for z 2 . Hence, ()2.13j) holds for s = i. 
Finally, suppose (e) holds. Then, in (|2.17|) . we have 

M 2 < 



b2|2s+£b3|2s+eA 2-2un_ 



Thus, for s = 2, we have .M 2 ^ 1 by summing over two frequencies for A&, then, j 2 and j'3, 
and finally fe for zl. Hence, (|2. 13[) holds for s = \. 
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Hence, letting AQ21 be the restriction of A/22 such that at least one of the above 
conditions (a), (b), (c), (d), or (e) holds, we have the following estimates. 

Lemma 4.1. There exists sq < A such that the following estimates hold for s > sq: 

Wki n \v)\\H° < \\vf H s (4.2) 

||A47^)-A47V)lk* < (HI*. + \H\hs) 4 \\v-w\\ H s. (4.3) 

Now, letting A/222 := A/"^" — A/^Ji > we nave 

J^=J^+J^\ (4.4) 

In the following, we concentrate on estimating the contribution from A/222 ■ Note that 
A/222™ i s the restriction of A/^2 such that a// of the conditions below hold: 

(a') max(|&2|)|M) ^ nrm(|£;|Too, |/ci | Too ), (4.5) 

(b') max(|fc 2 |,N) < min(|j 2 |™, \J3\^), (4.6) 

(c') |ji| < min(|A;| 1+ T5o, |A;i| 1+ tso), (4.7) 

(d') Aj »max(|fe 2 |ioo, |fe 3 |ioo), (4.8) 

(e') A fc <max([j 2 | I ^,|j3| I 5o), (4.9) 

where (a') and (b') hold when <$>(k) satisfies (|2.5p . (d') holds when 3>(k) satisfies ()2.5p and 
<fr(j) satisfies (|2.7p . and (e') holds when $(£;) satisfies f|2.T[) . (Recall that we also assume 
()2.14p - ()2.15p .) Henceforth, we assume that the frequencies are restricted such that the 
conditions (a')-(e') hold. By (|1.7p and (|1.1U|) . we have 

(^222 )k = 3 2^ ^?M V h V h V h V k 2 V k3 

k!+k 2 +k 3 =k *■ ' 

ji+_i2+i3=fci 

fc*>n 

= -' Z. i$m ^(M) fcl ^ 2 ^ 3 + ^ 2^ -^r(^)%%^ 

fcl+fc2_+fc 3 =fc V ' fci+fc2+fc 3 =fc V ^ 

*(fc)^0 *(fc)^0 

fe*>n fc*>n 

= : (A/* 3 )* + (M)fc- (4.10) 

The following lemma shows that A/4 can be controlled in H? . 
Lemma 4.2. T/ie following estimates hold: 

\m(v)\\ H , < \M 7 Hh (4.11) 

\\Af 4 (v) - Af 4 (w)\\ H i < (\\v\\ Hh + \\w\\ h i) 6 \\v - w\\ h i. (4.12) 

Before proving this lemma, let us present the following corollary to Lemma 12.31 
Corollary 4.3. For s < \, we have 

HM(t>)||H. < IM|S (4.13) 

\\N 2 {v)-M 2 (w)\\ U s < {\\v\\ H x +\\w\\ H i )*\\v- w\\ h i. (4.14) 
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We omit the proof of this corollary, since it follows from a slight modification of the proof 
of Lemma 12.31 

Proof of Lemma \4-%\ We only prove (14, lip since (|4.12p follows in a similar manner. In view 
of Corollary 14.31 it suffices to prove 



IIMII i < ILA/y ilMr i. (4.15) 

II tug? ~ H Z H^- 2 II ll^i V ! 



By duality, it suffices to prove 



^2 ^2 M4,u kl u k2 u k3 z k < \\u\\ 3 L 2 (4.16) 



k ki+k2+ks=k 
$(fc)^0 
k*>n 

where ||^||^2 = 1 and M 4 is given by 



M 4 = M 4 (kx,k 2 ,k 3 ) := 1 Pl T j 



|$(fc)||fc 2 |2|fc 3 |2 

As before, by Cauchy-Schwarz inequality, we have LHS of (|4.16|) < A^HiiH^, where M.4 = 

( l^k /^ki+k 2 +k 3 =k M4 Z k ) 2 . 

o Case 1: <J>(/c) satisfies A2.5J) . In this case, we have M 2 < |A;2|~ 1 |A:3|~ 1 A -2 < | A; 3 1 2 A 2 , 
where A is as in (j2.6|) . Thus, we have A4 4 < 1 by summing over ki (7^ £3) appearing in A -2 , 
&3, and then k for z 2 . Hence, (I4.16P holds. 

o Case 2: Q(k) satisfies (I2.7p . By | /ca | ~ |fei| ~ k*, we have M| < A -2 where A is as in 
(I2.8p . Thus, we have AI4 < 1 by summing over two frequencies for A~ 2 , and then k for zi. 
Hence, (ETTBD holds. D 

Now, we need to estimate the contribution from A3. In doing so, we actually estimate 
J Ns{t')dt' . Integrating by parts, we have 



M 3 (t')dt' = -- 2^ — {v h v j2 v j3 v k2 v k3 ){t')dt' 

•10 1 1 1. 1 ; ;,. w/ 



^1+^2+^3=*: 

jl+i2+J3=fel 

*(fe),$(j)^0 

fc*>n 



1 /•* fc ^. ie it'($(fe)+$©) 

+ 3/ 2^ — $7M¥7il — ( u ii v i2«is)(*')^(v* a «*s)(0* / 

■'D lii..±i 1. V / \J ) 



k\+k2+ks=k 

jl+_j'2+J3=kl 
fc*>n 



fci+fc 2 +fc 3 =fc v ; w; 

jl+_i2+J3=fcl 
0(fe),*(j)^O 

fc*>n 

M 5 (t')dt'+ M 6 (t')dt'+Af 7 {v)(t)-M 7 (v){0). (4.17) 

io 

First, note that A/5 looks like A" 2 in Lemma [2. 31 However, it satisfies a better estimate 
thanks to the conditions (b')-(e'). 
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Lemma 4.4. The following estimates hold: 

Ws(v)\\ Hh < \\v\\ 5 h i (4.18) 

m(v)-M 5 (w)\\ H i < (\\v\\ h i + \\w\\ h i) 4 \\v - w\\ h i. (4.19) 

Proof. We only prove (|4.18p since (|4.19p follows in a similar manner. By duality, it suffices 
to prove 

Y^ Y^ M 5Ujl u J2 u j:i u k2 u k . A z k < \\u\\ 5 L 2 (4.20) 

k ki+k2+ks=k 

jl+J2+J3=kl 

*(A),*(j)^0 

k*>n 

where ||z||z,2 = 1 and M5 is given by 

\k\ 1+s \h\ 



M 5 = M 5 (j 1 ,j 2 ,J3,k 2 ,k 3 ) :-- 



\$(j)\\h\ s \J2\ s \J3\ s \k 2 \ s \k 3 \ s 



with s = g- As before, by Cauchy-Schwarz inequality, we have LHS of (J4.2QH < A^5||u||^ a > 

1 
where M 5 = ( Y.k 1+ k 2 +k 3 =k M§z%) 2 . 

jl+J2+J3=kl 

By symmetry, assume \k 2 \ > | A^3 1 and \j 2 \ > \jz\- 

o Case 1: Both <&(&) and <&(j) satisfy (|2.5p . Let Xj be as in (|2.6p with {j{} in place of {hi}. 
Then, as in Case 2. a in Lemma 12.31 we have 

M 2 < « 

5 ~ |„- \2s\A n |2a|l. n |2s|l.„|2s\2 ^ ,. ,4 S _^,, 19,4.-1, |9o_i_p\2' 
\J2\ |J3| l K 2| |«3| ^j |j3| W0 \k 2 \ 2,s+£ \k 3 \ Zs+£ X: 

since |j2| S> |A;2| 100 > |^3| 100 by the condition (b'). Thus, for s = i, we have .M5 < 1 by 
summing over k 2 ,k 3 , then jj (7^ j'3), for AJ , j'3, and fe for z\. Hence, (|4.20p holds for s = |. 



o Case 2: <£(&) satisfies (|2.7p and <J>(j) satisfies (|2.5p . By (e'), given k 3 , there are at most 
C(|j2 1 so ) possible choices for k 2 . Then, by (c') with | A:^ | ~ \k\\, given k 3 , there are at most 
0( 1^2 1 moo ) possible choices for k 2 . As in Case 2. a in Lemma 12.31 we have 

9 1 1 

Ml < ——-—————, « 



I/,' \2s\A„ |2s|l.„|2s|l,J2sX 2 I- 11,11 1— it i4s— — \2 - 

|J2| |J3| \ K 2\ |«3| Aj- |_7 3 | 4s I A: 2 1 40 |«3| 4 °A^ 

Thus, for s = 2, we have A4s < 1 by summing over k 2 ,k 3 , then ji (/ j'3), for A^ , j'3, and 
k for z\. Hence, (|4.20p holds for s = 5. 



o Case 3: <J?(fc) satisfies (I2.5P and <J>(j) satisfies (I2.7p . In this case, we have j* ~ |ji| 
IJ2I ~ lis I > N- By (d') in gSD, we have 

Ml < - — I ,„,,„ < 



nj 



z 5 



fc 2 | 2s |fc 3 | 2s A 2 |fe| 2s + e |A;3| 2s + £ Aj- 200s 



for s > ^ Thus, we have AI2 < 1 by summing over two frequencies for A- + e , k 2 ,k 3 , 
and then k for z 2 ,. Hence, (|4.20p holds for s = \. 
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o Case 4: Both <£(£;) and <£(j) satisfy (|2.7p . As in Case 2, given k^, there are at most 
OGfo 1 40 ) possible choices for k 2 - Thus, we have 

/Vf 2 < 1 ^ \ 

5 ~ \k 2 \^\k 3 \^A] ^ | fc2 |^| fc3 |4 S -i A 2-200 £ 

for s > \. Hence, (ET20J) holds for s = \. D 

Lemma 4.5. Suppose that v and w satisfy (jl.7p . Then, the following estimates hold: 

M(v)\\ B t < \\v\\ 7 Hh (4.21) 

\W 6 (v)-Ar 6 (w)\\ H i < (\\v\\ sh + \\w\\ Hi f\\v - w\\ Hh . (4.22) 

Proof. Assume that the time derivative falls on u& 2 in (|4.17p . i.e. we have 

Ms(*)~ 2^ $7fcW^ (%«*>%) ^k^to- 

ki+k 2 +k 3 =k *> ' ^ 

*(fc),*(j)^0 

fc*>n 

Moreover, assume |j2| > (jsl and l^l > 1^3 1- We only prove ()4.21j) since (|4.22p follows in a 
similar manner. In view of Lemma 13.14 it suffices to prove 

\W4 H l S \\dtv\\ H ^ e \\v\\ H i (4-23) 

for some small e > 0. By duality, it suffices to prove 

^2 ^huj x u h u h u k2 u ki z k < \\u\\ 5 L2 (4.24) 

ki+k 2 +k3=k 
jl+32+J3=kl 

*(fc),$(j)^0 

k*>n 

where ||s;||l 2 = 1 and Mq is given by 

M 6 = M 6 (j 1 ,J2,J3,k 2 ,k 3 ) : 



3 1 

\k\ 2 |fcl | I&2 I 2 +£ 



$(A;)||$(j)||jl|2|j 2 |2|J3|2|fe 3 |2 

As before, by Cauchy-Schwarz inequality, we have LHS of (|4.24p < A4q ||xi 1 1 ^ 2 , where M.q = 

i 
( Y^k 1 +k 2 +k 3 =k ^i z k) 2 • Let Afc and Xj (and A& and Aj) be as in (J2.6H (and as in (|2.8p ) for 

jl+J2+J3=kl 

{ki} and {ii}, respectively. 

o Case 1: Both <&(&) and $(j) satisfy (|2.5|) . By (b') and |ji| > max(|j2|, | J3 1), we have 

M fi 2 < , , „ , — < 



\h\ 4 -^ + ^J2\\h\\h\\l\* ~ liil^&MjsMfel 1 -^ 

for sufficiently small e > 0. Thus, we have M.§ < 1 by summing over k 3 ,ji,J2,J3, and then 
k for z\. Hence, (|4.24|) holds for s = i. 

o Case 2: $(fc) satisfies (|2.5p and <3?(j) satisfies (|2.7|) . In this case, we have 

M 2 < - < - 

6 ~ \h\ 2 -^^\M\j 3 \\h\XlA] - |Ji| 1+ 1i2| 1+ lJ 3 | 1+£ N 1+£ A^ 

for sufficiently small e > 0. Thus, we have A4q < 1 by summing over ks,ji,J2,J3, and then 
k for z\. Hence, (|4.24|) holds for s = |. 
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o Case 3: <£(&) satisfies (|2.7p and <3?(j) satisfies (|2.5|) . In this case, we have 

Ml < l „ „ „ a < 



6 ~ liil^lballfcal 1 - 2 ^^] " b2 ||| i3 ||^3|i- 2£A 2 A 2- 

Thus, we have A4q < 1 by summing over two frequencies for A^~ , J2,J3, and then k for z|. 
Hence, (|4.24p holds for s = \. 

o Case 4: Both $(fc) and <3>(j) satisfy (|2.7p . In this case, we have \k\\ ~ \k%\ ~ |&3| and 
|il| ~ [j?2 1 ~ \js\- In this case, we have M| < |ji| _1+e A / 7 At Thus, we have Jvte < 1 by 
summing over two frequencies for A^" , two frequencies for A~ , and then k for z%. Hence, 
(J4T241) holds for s = \. D 

Before we present the estimate on A/7, recall that we have |fci| > n. Thus, we have 
b'll ^n since |ji| >\h\. 

Lemma 4.6. There exists a > such that 

W7(v)\\ H i<n- a \\vf Hi (4.25) 

\\M 7 (v)-Af 7 (w)\\ H i <n- a (\\v\\ H i+\\w\\ H ,) 4 \\v-w\\ Hi . (4.26) 

Proof. This lemma immediately follows from the proof of Lemma 14.51 once we note that 
there is an extra (small) power of \j\ | in the denominator except for Case 3. In Case 3, we 
have an extra (small) power of \k$\ ~ |fei| > n. □ 

The remaining part of the argument is basically the same as in Section [3l For n £ N, 
define G n (v,vo) by G n (v, Vo) = G n {v,vq) + G n (v,vq), where G n and G n are given by 

G« =N<f n \v)(t) -M[- n \v G )+N 7 {v){t)-N 7 {vv) 

Gf) = fn(v)(t>) + N^{v)(t')+M!£ n \v){t') 
Jo 

+ N^r\v)(t')+N 4 (v)(t') +N 5 (v)(t')+N e (v)(t')dt'. 

From (fl~T5JI . ([2~TTjl . (OP . (ILIOJI . and (HTTP , we have 

w(i) = vo + G , n (u,i;o)(t). 

if v is a solution to (fl~T|) . It follows from Lemmata [27TH2T41 14.1|4.2| and l4T4fHT6l that we 
obtain a priori bounds (I3.2p and (I3.5P for s = 5 (with G n in place of F n and with a 

higher power in (|3.2p .) Then, the unconditional local well-posedness in Hz with Lipschitz 
dependence on initial data follows as in Section [3j 
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